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Abstract
In this work we present the solution for a rotating Kerr black hole in the weak-field limit under the
radiation gauge proposed by Chen and Zhu [Phys. Rev. D83, 061501(R) (2011)], with which the two
physical components of the gravitational wave can be picked out exactly.
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I. INTRODUCTION
The true radiation gauge proposed by Chen and Zhu [1]
gijΓλij = 0 , (1)
with Greek indices running from 0 to 3 and Latin indices running from 1 to 3, can pick out exactly
the two physical components of the gravitational wave in the weak-field limit, which are shown to
give actual gauge invariant physical quantities. The detailed discussions on the significance and
advantages of this radiation gauge can be found in the original paper by Chen and Zhu [1]. In
their work, they have given the metric for a Schwarzschild black hole in the weak-field limit under
the radiation gauge. Here, we present the weak-field-limit solution for a Kerr black hole in this
radiation gauge.
II. DERIVATION
We start with the solution for a Kerr black hole in the Boyer-Lindquist coordinates [2],
ds2=−
(
1−2mr¯
ρ¯2
)
dt¯2+
ρ¯2
∆¯
dr¯2 + ρ¯2dθ¯2+
(
r¯2+a2+
2ma2r¯ sin2 θ¯
ρ¯2
)
sin2 θ¯dϕ¯2
− 4mar¯ sin
2 θ¯
ρ¯2
dt¯dϕ¯ , (2)
where the gravitational constant and the light speed have been set as 1, m and a are the mass and
angular momentum per unit mass of a Kerr black hole, and a ≤ m is assumed to avoid naked
singularity. Additionally, ρ¯2 = r¯2 + a2 cos2 θ¯, and ∆¯ = r¯2 + a2 − 2mr¯.
Following the similar derivation for the solution of a Kerr-Newman black hole in the harmonic-
coordinate conditions [3], we apply the following transformations to Boyer-Lindquist formulation
t = t¯ , R = r¯ , θ = θ¯ , ϕ = ϕ¯+
∫
a
∆¯
dr¯ . (3)
and we have
ds2 = A(R, θ)dt2 + 2B(R, θ)dtdr + 2C(R, θ)dtdϕ+D(R, θ)dR2
+ E(R, θ)dθ2 + F (R, θ)dϕ2 + 2G(R, θ)dRdϕ , (4)
2
where
A(R, θ) = −1 + 2mR
ρ2
,
B(R, θ) =
2ma2R sin2 θ
ρ2∆
,
C(R, θ) = −2amR sin
2 θ
ρ2
,
D(R, θ) =
ρ2
∆
+
( a
∆
)2(
R2 + a2 +
2a2mR sin2 θ
ρ2
)
sin2 θ ,
E(R, θ) = ρ2 ,
F (R, θ) =
(
R2 + a2 +
2ma2R sin2 θ
ρ2
)
sin2 θ ,
G(R, θ) = − a
∆
(
R2 + a2 +
2ma2R sin2 θ
ρ2
)
sin2 θ ,
with∆ ≡ R2 + a2 − 2mR, and ρ2 ≡ R2 + a2 cos2 θ .
Due to that Kerr metric should reduce to Schwarzschild’s when the spin vanishes (a = 0), and
that we have obtained the radial transformation from the standard form of Schwarzschild metric to
the solution in the radiation gauge [4], which is r = R − 3
2
m, we can construct a new coordinate
system Xµ as follows:
X0 = t ,
X1 =
√
r2 + a2 cosΦ sin θ ,
X2 =
√
r2 + a2 sinΦ sin θ ,
X3 = r cos θ ,
with r = R − 3
2
m, and Φ = ϕ + arctan a
r
. After tedious calculations, we can obtain the solution
for a Kerr black hole in the new system (t, X1, X2, X3) as follow
ds2 = −dt2 +
(
r + 3
2
m
)2
+
a2X2
3
r2(
r2 +
a2X2
3
r2
)2
[r2 (X ·dX+ a2
r2
X3dX3
)2
r2 +mr − 3
4
m2 + a2
+
X23
(
X ·dX− r2
X2
3
X3dX3
)2
(r2 −X23 )
]
+
(
r + 3
2
m
)2
+ a2
r2 + a2
[ am (r − 3
4
m
) (
X ·dX+ a2
r2
X3dX3
)
(
r2 +mr − 3
4
m2 + a2
) (
r2 +
a2X2
3
r2
) − r(X2dX1−X1dX2)
r2 −X23
]2
+
2m
(
r+ 3
2
m
)
(
r+ 3
2
m
)2
+
a2X2
3
r2
[
a(X2dX1−X1dX2)
r2+a2
−
a2m
(
r− 3
4
m
)
(r2−X23 )
(
X ·dX+ a2
r2
X3dX3
)
r
(
r2+mr− 3
4
m2+a2
)
(r2+a2)
(
r2+
a2X2
3
r2
) +dt
]2
,
(5)
3
where X ≡ (X1, X2, X3), X ·dX ≡ X1dX1 + X2dX2 + X3dX3. The relation between the
components ofX and r is
X21+X
2
2
r2+a2
+
X23
r2
= 1 .
Now we demonstrate that this metric satisfies the radiation gauge in the weak-field limit. For
r → ∞, we can expand the metric in powers of the inverse of r. Dropping all the terms with the
order of r−3 and higher, we can rewrite Eq. (5) as follow
ds2 = −
(
1− 2m
r
+
3m2
r2
)
dt2 +
4am(X2dX1−X1dX2)dt
r3
+
(
1 +
3m
r
+
9m2
4r2
)
dX2 −
(
m
r
+
5m2
4r2
)
(X ·dX)2
r2
, (6)
where r2 = X ·X . Substituting this metric into gijΓλij , we can obtain
gijΓ0ij = 0 , (7)
gijΓkij = −
[
m3
4r3
−3m
4
2r4
+
87m5
16r5
+
2a2m3
r5
(
1− X
2
3
r2
)]
Xk
r2
+O
(
apmq
rp+q+1
)
, (8)
where p+q ≥ 6. Here, in order to show the contribution of a, we keep the terms up to the order of
apmq
rp+q+1
with p+q=5. It can be seen clearly that gijΓkij goes to 0 in the limit of weak field. Finally,
we calculate the corresponding Ricci tensor for Eq. (6) and achieve
R00 = −
27m3
2r5
+O
(
apmq
rp+q+2
)
, (9)
R0i =
6am2
r5
(
ǫij3Xj
r
)
+O
(
apmq
rp+q+2
)
, (10)
Rij = −
7m3
r5
(
δij −
65
14
XiXj
r2
)
+O
(
apmq
rp+q+2
)
, (11)
where p+ q ≥ 4, and ǫijk is Levi-Civita symbol. It can be seen that all components of Ricci
tensor go to 0 in the weak-field limit. Therefore, Eq. (6) is the weak-field solution to Einstein field
equations for a Kerr black hole in the radiation gauge. It is worth emphasizing that Eq. (5) is an
exact solution for a Kerr black hole, but only in the weak-field limit does it satisfy the radiation
gauge.
III. SUMMARY
In summary, we have derived the weak-field-limit solution for a Kerr black hole in the radiation
gauge. This solution may be useful in exploring the gravitational physics for the Kerr black hole,
especially for calculating the energy of gravitational wave in the Kerr spacetime.
4
ACKNOWLEDGMENTS
We thank the reviewer for providing helpful comments and suggestions to improve the quality
of this paper. This work was supported in part by the National Natural Science Foundation of
China (Grant No. 11647314) and Educational Commission of Hunan Province of China (Grant
No. 16C1367).
[1] X.S. Chen, B.C. Zhu, Phys. Rev. D 83, 061501(R) (2011).
[2] R.H. Boyer, R.W. Lindquist, J. Math. Phys. 8, 265 (1967).
[3] W. Lin, C. Jiang, Phys. Rev. D 89, 087502 (2014)
[4] W. Lin, C. Jiang, Eup. Phys. J. Plus, 132, 35 (2017).
5
